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Does time always slow down as gravity increases?
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Introduction

♠ Gravitational time dilation is a commonly known GR
phenomenon.

♠ There is the fairly widespread notion that the time dilation ratio
is correlated with gravity strength:

Time slows down as gravity increases.

♠ Is this notion correct?

♠ Is the time dilation ratio correlated with the spacetime
curvature?
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Imprecise statements

♠ The statement time slows down as gravity increases and similar
are imprecise descriptions of gravitational time dilation because:

♣ it is not clear what the term “time” means here;

♣ it is not clear what the verb “slows down” means here;

♣ it is not clear what the expression “gravity increases” means
here.
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Imprecise statements

♠ The statement time slows down as gravity increases and similar
are imprecise descriptions of gravitational time dilation because:

♣ it is not clear what the term “time” means here;

♣ it is not clear what the verb “slows down” means here;

♣ it is not clear what the expression “gravity increases” means
here.

♠ Statements like time slows down may be a source of a
misconception that passage of time can be characterized by a
rate/speed and that time dilation occurs if this rate/speed is
different at different locations.
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Definition

♠ Gravitational time dilation concerns proper
time.
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♠ We choose an interval of each world lines, measure the lapses
∆τ and ∆τ ′ along the intervals and define the time dilation ratio

D =
∆τ

∆τ ′

with time dilation being equivalent to D 6= 1.
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Interval pairing—the standard method

♠ O at z1 and z2 sends to O′ light flashes
—the corresponding null geodesics define the
interval κ′

z′1z
′

2
of the world line κ′ of O′.
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♠ O at z1 and z2 sends to O′ light flashes
—the corresponding null geodesics define the
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z′1z
′

2
of the world line κ′ of O′.

♠ Geometric point of view: gravitational time
dilation appears if ’spacetime lengths’ of
appropriately paired intervals of two world
lines, are different.
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♣ two different null geodesics from z1 to κ′;

♣ one can use e.g. free massive particles instead of light flashes.
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♠ Ambiguity of the interval pairing:

♣ two different null geodesics from z1 to κ′;

♣ one can use e.g. free massive particles instead of light flashes.

♠ In a general spacetime gravitational time dilation is not uniquely
defined.
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♠ A spacetime metric g is stationary, if there exists a timelike
Killing vector field K of g :

0 > g(K ,K ) ≡ gKK , LKg = 0.

Then g does not depend on time t being the parameter along the
integral curves of K .
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Killing observers

♠ A spacetime metric g is stationary, if there exists a timelike
Killing vector field K of g :

0 > g(K ,K ) ≡ gKK , LKg = 0.

Then g does not depend on time t being the parameter along the
integral curves of K .

♠ g is static, if it is stationary and there exists a 3-dim.
submanifold orthogonal to K . Then g is invariant w.r.t. the time
reverse t 7→ −t.

♠ Two observers O and O′ will be called Killing observers, if their
world lines are integral curves of the same Killing vector f. K .
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♠ Thus the time dilation ratio reads
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♠ Time slows down as |gKK | decreases.
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Gravity strength

♠ Does |gKK | always decrease as gravity increases?

♠ Gravity strength should be defined as a value of a scalar field
derived from the spacetime metric.

♠ However, we do not know any such scalar field which would
provide us with a flawless measure of gravity strength.

♠ Therefore I will use the Kretschmann scalar

R2 := RαβµνRα′β′µ′ν′g
αα′

gββ′

gµµ′

gνν′ .

E.g. in the Schwarzschild spacetime

R2 =
48M2

r6
.

♠ Does |gKK | always decrease as R2 increases? or Are |gKK | and
R2 always negatively correlated?
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Four-acceleration of Killing observers

♠ The four-velocity of Killing observers: U = K/
√

|gKK |.

♠ The four-acceleration is proportional to the gradient of gKK :

A := ∇UU =
1

2gKK
gKK ,αg

αβ∂β =
1

2gKK
grad gKK .

♠ If A 6= 0, then
A|gKK | > 0.

Thus A points those observers whose time speeds up.

♠ The four-acceleration A determines the course of time dilation

over short distances.

♠ Consequently, if AR2 < 0, then time ’slows down’ as gravity
strength measured by R2 increases.

♠ But if AR2 ≥ 0, then time ’slows down’ as gravity strength
measured by R2 is constant or decreases.
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Static observers in the Schwarzschild spacetime

♠ The metric

g = −
(

1 −
2M

r

)

dt2 +
(

1 −
2M

r

)

−1
dr2 + r2(dθ2 + sin2 θ dϕ2),

is static, if r > 2M > 0 with K = ∂t .

♠ Then

gKK = −(1 − 2M/r), A =
M

r2
∂r , R2 =

48M2

r6

and

A|gKK | =
2M2

r4
> 0, AR2 = −

288M3

r9
< 0.

♠ Thus here time ’slows down’ as gravity strength measured by
R2 increases, as expected.



11/16

Orbiting observers in the Schw. spacetime with M > 0
♠ If ω 6= 0 is a constant, then K̄ = ∂t + ω∂ϕ is a Killing vector
field of the Schwarzschild metric. K̄ is timelike on the ’equatorial
plane’ θ = π/2, if
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K̄ K̄

=
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r
(ω2r3 − r + 2M) ≡
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r
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♠ If ω 6= 0 is a constant, then K̄ = ∂t + ω∂ϕ is a Killing vector
field of the Schwarzschild metric. K̄ is timelike on the ’equatorial
plane’ θ = π/2, if

g
K̄ K̄

=
1

r
(ω2r3 − r + 2M) ≡

1

r
W (r) < 0.

♠ If ω2 < 1/(27M2), then W has three real roots r1, r2 and r3
such that

r1 < 2M < r2 < r0 < r3,

where r0 ≡
3
√

M/ω2 > 3M is a zero of the four-acceleration

Ā =
1

|g
K̄ K̄

|

(

1 −
2M

r

)(M

r2
− ω2r

)

∂r .

♠ Thus for orbiting observers of r ∈]r0, r3[ and θ = π/2 time
’speeds up’ as gravity strength measured by R2 increases.
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)

dt2 +
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2M

r
−
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3
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)

−1
dr2 + r2dΩ2.

g is static where gKK is negative.

♠ For M,Λ > 0 the case reduces to the previous one:

orbiting observers Schw.-de Sitter

g
K̄ K̄

=
1

r
(ω2r3 − r + 2M), gKK =

1

r

(Λ

3
r3 − r + 2M

)

,

Ā =
1 − 2M/r

|g
K̄ K̄

|

(M

r2
− ω2r

)

∂r , A =
(M

r2
−

Λ

3
r
)

∂r ,

R2 = 48M2/r6, R2 = const. + 48M2/r6.

♠ If 0 < Λ < 1/(9M2), then for some static observers in the
Schw.–de Sitter spacetime time ’speeds up’ as gravity strength
measured by R2 increases.
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♠ In the Schwarzschild spacetime, at some points the
four-acceleration Ā of the orbiting observers is antiparallel to the
four-acceleration A of the static observers.

♠ If

♣ time always slows down as gravity increases;

♣ gravity strength S is observer independent,

then

AS < 0, ĀS < 0.

(since A|gKK | > 0 and Ā|g
K̄ K̄

| > 0).

♠ With regard to the class of all possible Killing observers, the
statement ’time always slows down as gravity increases’ is false, if
gravity strength is defined by means of any observer independent

scalar field derived from the spacetime metric.
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Gravitational time dilation and spacetime curvature

♠ Killing vector fields in the Minkowski spacetime form a
ten-dimensional vector space. Many of these fields are (locally)
timelike and define accelerated observers.

♠ Thus gravitational time dilation is a common phenomenon in
special relativity despite flatness of the Minkowski spacetime.

♠ On the other hand, in the famous Einstein static universe,

g = −dt2 + R2
(

dβ2 + sin2 βdΩ2
)

, (1)

there is no time dilation between observers given by K = ∂t ,
because gKK = −1 is constant. But the metric (1) is not flat.

♠ Curvature = f (gαβ , gαβ,µ, gαβ,µν) versus the component gKK .

♠ No close relation between time dilation and the curvature.
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♠ Therefore there is no need to connect this phenomenon with
gravity strength, however it is defined, or with the spacetime
curvature.
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♠ No, if gravity strength is measured in an observer independent
manner.

♠ What about observer dependent measures? I do not know...

♠ In the case of Killing observers, gravitational time dilation can
be strictly described in terms of the scalar field gKK and the
four-acceleration A of the observers.

♠ Therefore there is no need to connect this phenomenon with
gravity strength, however it is defined, or with the spacetime
curvature.

♠ Perhaps it would be better, if time dilation in GR was called
accelerational time dilation.
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